We formulate conformal mappings between an infinite plane and a spheroid, and one between a semi-infinite plane and a half spheroid. Special cases of the spheroid include the surface of an infinitely long cylinder, of a sphere, and of a flat disc. These mappings are applied to the critical Ising model. For the case of the sphere and the flat disc, we derive analytical expressions for the second and the fourth moments of the magnetization density, and thus for the Binder cumulant. Next, we investigate Ising models on spheroids and half spheroids by means of a continuous cluster Monte Carlo method for simulations in curved geometries. Fixed and free boundary conditions are imposed for half spheroids. The Monte Carlo data are analyzed by finite-size scaling. Critical values of the Binder cumulants and other ratios on the sphere and on the flat disc agree precisely with the exact calculations mentioned above. At criticality, we also sample two-and one-point correlation functions on spheroids on half spheroids, respectively. The magnetic and temperature scaling dimensions, as determined from the Monte Carlo data and the theory of conformal invariance, are in good agreement with exact results.
I. INTRODUCTION
In two dimensions, the consequences of conformal invariance for critical systems have been studied extensively. These studies have produced a large amount of results for both bulk and surface critical phenomena ͓1-4͔. One of the reasons is that the conformal group in two dimensions is an infinite-parameter group, so that the restrictions imposed by conformal invariance are strong. As a result, the forms of the bulk and surface correlation functions, and thus the critical exponents are limited by conformal invariance. Under Cardy's mapping between an infinite plane and the surface of a cylinder ͓5͔, the algebraic decay of correlations in the plane is transformed into an exponential decay along the cylinder. By utilizing the Schwarz-Christoffel formula, Burkhardt and Eisenriegler conformally mapped the infinite plane onto a rectangular geometry ͓2͔. Furthermore, Cardy and Burkhardt investigated the semi-infinite plane and the parallel-plate geometry with uniform or mixed boundary conditions ͓4,6͔. The universal properties of a system inside a circle with free or fixed boundary conditions have been studied both exactly and numerically ͓2,3,7͔.
However, as far as we know, no applications of conformal mappings onto curved geometries have been reported in two dimensions. In this paper, we use a conformal mapping of an infinite plane onto a spheroid. By rotating an ellipse about the minor or the major axis, one obtains an oblate or a prolate spheroid, respectively. Special cases include the surface of an infinitely long cylinder, of a sphere, and of a flat disc. The latter case is reached when the polar diameter of the spheroid approaches zero, so that one obtains the interiors of two circles connected at their perimeters. Thus, this transformation includes Cardy's mapping as a special case. We also perform a different conformal mapping from a semi-infinite plane onto a half spheroid.
We apply these mappings to the critical Ising model. From the known bulk two-and four-point correlation functions in the plane, and the assumption of covariance of the multipoint correlations under conformal mappings, the second and the fourth moments of the magnetization density on the sphere and on the flat disc can be expressed in terms of integrals. Since a direct analytic calculation of most of these integrals is not feasible, we evaluated them by means of Monte Carlo integration. As a result, we obtain the universal quantity Qϭ͗ The nonzero net curvature of a spheroid poses a problem for numerical applications of conformal invariance. The difficulty is that a system defined on the spheroid seems to defy any acceptable discretization. Even if the net curvature of a given geometry is zero, numerical simulations may be complicated due to the presence of curved boundaries. An example is a system inside a circle. Badke et al. and Rěs and Straley have approximated this geometry for the Ising model. A circle is drawn on a square lattice and then free or fixed boundary conditions are imposed by removing or freezing the spins outside the circle, respectively ͓3,7͔. The effectivity of this approximation is, however, somewhat limited because of irregular finite-size behavior, as shown later.
Recently, a continuous cluster Monte Carlo algorithm has become available for the anisotropic limit of the lattice Ising model ͓8,9͔. One of the interesting properties of this model is that one of its dimensions is continuous, which enables one to apply the continuous cluster method to curved geometries such as a spheroid. Using a Wolff-like version of this algorithm ͓9͔, we investigate the Ising model on several spheroids, including a sphere, a flat disc, and a prolate spheroid. Near the critical point, we sampled the moments of the magnetization density and the quantity Q. The Monte Carlo data were analyzed by means of finite-size scaling. For the sphere and the flat disc, the numerical results for the ratios Q, r 2 and r 4 are in excellent agreement with the aforementioned exact calculations, which will be presented in detail in Sec. III. At criticality, the two-point magnetic correlations were sampled. Moreover, the Ising model on half spheroids was studied, including that on a half sphere and inside a circle. Both fixed and free boundary conditions were used. The density profiles of the magnetization and of the energy, i.e., one-point correlations, were sampled. From the Monte Carlo data and the theory of conformal invariance, we determined the magnetic and temperature scaling dimensions with a satisfactory precision.
The outline of this paper is as follows. In Sec. II, we formulate the transformations of the infinite plane into the spheroid and the semi-infinite plane into the half spheroid. For systems on a spheroid and on a half spheroid, the forms of the two-and one-point correlation functions, respectively are derived. In Sec. III, we perform exact calculations of moments of the magnetization density on the sphere and on the flat disc. Section IV summarizes the Hamiltonian limit of the Ising model and the continuous cluster method for curved space. The numerical results are presented in Sec. V. Finally, we give a short discussion in Sec. VI.
II. CONFORMAL MAPPING
In three-dimensional Cartesian coordinates (x,y,z), a spheroid can be defined by
where a and b are the equatorial and the polar radii, respectively. 
and by the requirement that the points rϭ0 and rϭϱ are mapped onto points ϭ and 0, respectively. Transformation ͑5͒ is conformal, because the line elements Eqs. ͑4͒ and ͑3͒ differ only by a position-dependent factor:
Under a conformal mapping (r ជ →r ជ Ј), a multipoint correlation function covariantly transforms as ͓1͔
͑7͒
where i is a scaling operator ͑e.g., associated with the magnetization density or the energy density͒, X i is the corresponding scaling dimension, and b(r ជ ) is the rescaling factor, which reads b(r ជ ) 2 ϭds 2 /dsЈ 2 . In the infinite plane, the bulk two-point correlation function at criticality behaves as ͓10͔
where B is a constant. Thus, according to Eqs. ͑5͒-͑8͒, one obtains the correlation function g 1 () of two points (,) and (,ϩ) on a spheroid (р)
The evaluation of the mapping formula ͓Eq. ͑5͔͒ is complicated in general. However, for the special cases mentioned above, it simplifies and yields more results.
͑i͒ Surface of a cylinder. As the polar radius b→ϱ, the spheroid approaches the surface of an infinitely long cylinder. The substitutions of a new coordinate uϭb and the radius Rϭa of the cylinder lead to A geometric picture of this mapping involves the placement of a sphere with radius R on top of an infinite plane ͑Fig. 2͒. The mapping of a point r ជ in the plane on the sphere is defined as the intersection between the sphere and the line connecting the north pole and the point r ជ . Here, the vector r ជ stands for the point (r,) in Eq. ͑13͒. According to Eqs. ͑7͒, ͑8͒, and ͑13͒, one has the pair correlation function on the sphere as
͑14͒
If one introduces R ជ to represent the vector from the center of the sphere to the point (,), Eq. ͑14͒ reduces to
which, interestingly, has the same form as Eq. ͑8͒. ͑iii͒ Surface of a flat disc. In the limit b→0 of an oblate spheroid, a flat-disc geometry is reached. The coordinate w and the element ͑3͒, respectively, reduce to
and the mapping formula becomes
This mapping can be generalized to any number of dimensions. Under the mapping Eq. ͑17͒, one finds two formulas for g(w ជ 1 ,w ជ 2 )ϭ͗(w ជ 1 )(w ជ 2 )͘, of which the applicability depends on whether or not the two points r ជ 1 and r ជ 2 lie in the same face of the flat disc:
where we have introduced w ជ to represent the vector from the center of the disc to the point (w,).
The derivative ‫ץ‬r/‫ץ‬w in the Eq. ͑17͒ is discontinuous at the edge wϭR. One may thus expect that finite-size corrections arise for the critical behavior near the edge.
Next, we describe the conformal transformation between a semi-infinite plane and a half spheroid. The latter object is defined by Eq. ͑1͒ but with zр0. The mapping can conveniently be described in two steps. First, one parametrizes the plane complex numbers zϭxϩiy, so the formula zЈϭ(z Ϫi)/(zϩi) maps the semi-infinite plane RϫR ϩ onto the interior of a unit circle ͑Fig. 3͒ ͓1͔. This conformal mapping yields the profile of a scaling operator inside a unit circle as
This result can be generalized to any number of dimensions ͓1,2͔. Second, the interior of the unit circle is conformally mapped on the half spheroid under the transformation Eq. ͑5͒. In the limit b→ϱ, a semi-infinite cylinder ͓Eq. ͑10͒ but with uу0] is reached, on which the profile of a scaling operator behaves as
For bϭaϭR a half spheroid reduces to a half sphere, and one has ͗͑͒͘ϰ͑R cos ͒ ϪX . ͑21͒
III. EXACT CALCULATION
Since the transformations between the plane and the special cases of the spheroid ͓Eqs. ͑11͒, ͑13͒, and ͑17͔͒ are relatively simple, it is possible to derive the expressions for ͗ 2 ͘ and ͗ 4 ͘ from the exact solution of the Ising model in the infinite plane ͓10͔. For the case of an infinitely long cylinder, Burkhardt has evaluated these expressions by means of Monte Carlo integration ͓11͔. The result is consistent with that obtained from direct simulations of systems on the cylinder ͓11͔. Here, we follow analogous procedures for the surface of a sphere and of a flat disc.
In the continuum limit, the second and fourth moments of the magnetization density ͗ 2 ͘ and ͗ 4 ͘ can be given in terms of the two-and four-spin correlation functions, respectively:
where is the areal density of the spins, and dS i represents the number of spins in an infinitesimal area. For a sphere, and dS i can be written as 1/(4R 2 ) and R 2 sin i d i d i , respectively. For a flat disc, ϭ1/(2R 2 ) and dS i ϭr i dr i d i . R is the radius of the sphere or the flat disc. g(r ជ 1 ,r ជ 2 ) and g(r ជ 1 ,r ជ 2 ,r ជ 3 ,r ជ 4 ) are the two-and four-spin correlation functions.
The two-point correlation function is known exactly ͓Eq. ͑8͔͒. An exact result is also available for the bulk four-spin correlation of the two-dimensional critical Ising model, which is given in terms of pair correlations by ͓12͔
Here, for simplicity, we have written g(r ជ 1 ,r ជ 2 ) and g(r ជ 1 ,r ជ 2 ,r ជ 3 ,r ជ 4 ) as g(1,2) and g (1, 2, 3, 4) , respectively. The notation (i↔ j) represents the expression between square brackets ͓ ͔ with i and j interchanged. with f (x 2 ;x 3 ,y 3 ;x 4 ,y 4 )ϭsin(x 2 )sin(x 3 )sin(x 4 ) ϫg (1, 2, 3, 4) , where the coordinates of these four points are (0,0), (x 2 ,0), (x 3 ,2y 3 ), and (x 4 ,2y 4 ). This equation was evaluated with a Monte Carlo procedure, which approximates the integral by FIG. 3 . Illustration of the conformal mapping from a semiinfinite plane on a single disc. 
where g 0 (1,2,3,4) defines correlations of four points on the same face, g 1 applies to three points on one face and one on the other, and g 2 applies to two points on one face and two on the other. From this calculation, we obtain ͗ 2 ͘ϭR Ϫ2X (1.041 56Ϯ0.000 01), ͗ 4 ͘ϭR Ϫ4X (1.412 73 Ϯ0.000 05), and thus Qϭ0.767 91Ϯ0.000 03.
The ratios of moments of the magnetization density on the sphere and on the flat disc are thus given as
where the number between parentheses stands for the estimated error in the last decimal place.
IV. MODEL AND ALGORITHM
As mentioned before, simulations on a spheroid are difficult due to the incompatibility of regular lattices with curved geometries. Here, we tackle this problem by using the Hamiltonian limit of a two-dimensional lattice Ising model. For such a system, an efficient continuous Wolff-like method has been explained in detail ͓9͔. Here, we describe the application of this algorithm to simulations in curved geometries.
The Hamiltonian of an Ising model on a LϫL square lattice with periodic boundary conditions reads
where the integers 1рx,yрL label the lattice sites. K x and K y are the coupling strengths along the x and y direction, respectively. The spins can assume the values x,y ϭϮ1. The critical line of this model is given by ͓10͔ sinh͑2K x ͒sinh͑ 2K y ͒ϭ1. ͑30͒
In the anisotropic limit ⑀→0, the couplings therefore are
where t is a temperaturelike parameter whose critical point is t c ϭ1. It is known that in this limit the system is equivalent to the quantum transverse Ising chain ͓14,15͔ with nearestneighbor couplings and an external field t:
with z and x Pauli matrices. Since our purpose is the application of conformal invariance, we have to restore isotropy asymptotically for the system with K x ϽK y . This can be done by increasing the number of spins in the y direction by a factor L y /L x ϭsinh 2K y ϭ1/2⑀ ͓16͔. Meanwhile, one rescales the y direction as yЈ ϭ2y/⑀ so that the system sizes along the x and y direction are equal again, L y ЈϭL x . As a result, the y dimension becomes continuous as ⑀→0, i.e., there is an infinite number of spins per physical length unit, and the lattice structure transforms into L lines of length L. The spins form ranges of ϩ/Ϫ signs, and the number of interfaces in the system is of order L 2 . For this anisotropic limit, a full description of the aforementioned continuous Wolff-like algorithm has been given in Ref. ͓9͔ . For the convenience of the reader, we summarize the essential points. During the formation of a cluster, a bond between nearest-neighboring spins with the same sign is ''frozen'' with a probability Pϭ1Ϫexp(Ϫ2K) or ''broken'' with 1Ϫ P. Sites connected by frozen bonds are included in the same cluster. For the anisotropic limit, the probability P in the x and y direction will be of order ⑀ and 1Ϫ⑀, respectively. Thus, the strong-couping bonds will continue to connect spins in the y direction until a break occurs with a probability of order ⑀ per bond. Therefore, after the rescaling discussed above, the connected spins along the lines in the y direction form ranges of ϩ/Ϫ signs with lengths of order 1, and the breaks are just the aforementioned interfaces. Moreover, the average distance of the bonds between adjacent lines is also of order 1. These weak-coupling bonds serve as ''bridges'' between neighboring lines to connect ranges of the same sign, and help to build clusters. Analogous to cluster methods for the discrete models, the aforementioned continuous cluster algorithm flips one or more clusters during a Monte Carlo step depending on whether it is Wolff-like or Swendsen-Wang-like. The correctness and efficiency of this method has been demonstrated both in two and three dimensions ͓9͔.
Although the long-distance behavior of such an anisotropic system is the same in the x and y direction, corrections may exist at short distances. We investigate this problem in a system with size Lϭ40. We sampled the difference d m (r) of the magnetic correlation functions over distances r in the x and y direction
where Vϭ ͚ x ͐dyϭLϫL is the area of the square. A plot of d m as a function of r is shown in Fig. 4 . The fact that the line becomes approximately straight at the right-hand side indicates that the leading correction behaves as r y a . From Fig. 4 , we estimate the associated exponent y a ϷϪ2.25, so we simply assume that y a ϭϪ2X h ϩy i , where y i ϭϪ2 is the correction-to-scaling exponent in the two-dimensional Ising model, and X h ϭ1/8 is the magnetic scaling dimension. Taking into account the periodic boundary conditions, we fitted the Monte Carlo data according to the least-squares criterion on the basis of
where a 1 , a 2 are unknown parameters, and the term with y 1 ϭϪ3 is another significant correction. We obtain a 1 ϭ0.022 8(6) and a 2 ϭ0.027(3). Since the model is now continuous in the y direction, one can investigate it in curved geometries such as a spheroid. As an example, we consider the case of a sphere S 2 . The structure of the anisotropic model in the flat geometry defined by Eqs. ͑29͒ and ͑31͒ consists of L lines of length L. Each of these lines can be understood as a circle S 1 because of the periodic boundary condition. As a result, one can represent the ''lattice structure'' on a sphere S 2 by L uniformly distributed circles with varying radius ͑Fig. 5͒, such that there are strong couplings along the circles while weak couplings occur between adjacent circles. The location of the kth circle is
2 )/L, with kϭ1,2, . . . ,L ͑Fig. 5͒, and the corresponding circumference is c k ϭ2L sin k , which accounts for the S 2 curvature. Since the probability of a weak-couping bond is defined per unit of length, and the adjacent circles on a sphere have different radii, the distribution of these weakcoupling bonds still requires a length scale. It was chosen as the average length scale of both circles. Self-interactions via weak bonds over the poles ϭ0 or could, in principle, occur at the circles with kϭ1 and L, respectively. But these interactions may be set to zero because the circles at ϭ0 and have a zero length. By means of the continuous Wolfflike algorithm, we simulated the above model on a sphere. The magnetic correlation of diametrically opposite points was sampled,
An example for systems without self-interactions at ϭ0 and is shown in Fig. 6 . As the number of the circles L increases, the pole ϭ0 is approached, and the spacing of adjacent circles decreases. The lines are quite straight, which indicates that the spherical symmetry is restored asymptotically. We have also investigated the system with selfinteractions over the poles. Significant deviations from isotropy occur in this case. On a microscopic scale, the lattice structure on a sphere is the same as that on a flat plane. However, for finite L, apart from microscopic deviations from the uniformity, the discretization in may lead to a global effect on the coupling strength. According to the trapezium rule, we expect that this deviation vanishes as L Ϫ2 . Under renormalization this effect leads to corrections proportional to L y t Ϫ2 , where y t ϭ1 is the temperature renormalization exponent. Thus, this effect vanishes when L→ϱ, and the critical point on a sphere is identical to that on the flat plane. Moreover, since the exponent of the irrelevant field y i ϭϪ2, it is expected that the term with L y t Ϫ2 dominates over the corrections of order L y i , as will be confirmed later.
As an alternative way for the distribution of L circles on a sphere, the location of the kth circle can be given by k ϭ(kϪ1)/(LϪ1), so that in this case the circumference of the sphere is cϭ2(LϪ1). It was found numerically that the spherical symmetry is less well restored in this case. That may be due to the singularity of the zero radii of the circles with kϭ1 and L.
The same procedure can be applied to the disc geometry. The kth circle is simply located at r k ϭ(kϪ1) and its circumference is given by c k ϭ2(kϪ1), with k ϭ1,2, . . . ,L. For a general spheroid with constant ratio e ϭb/a, the problem that the circles should be evenly distributed is solved in two steps. First, since the circumference of the corresponding ellipse is 2L, the value of the parameter a can be numerically calculated from the equation Lϭa͐ 0 L dw ϭa͐ 0 dͱcos 2 ϩe 2 sin 2 . Second, the location of the kth circle can be obtained by solving for k in the equation k Ϫ 1 2 ϭa͐ 0 k dͱcos 2 ϩe 2 sin 2 .The corresponding circumference is c k ϭ2a sin k (kϭ1,2, . . . ,L).
V. NUMERICAL RESULTS
By means of the continuous Wolff-like algorithm, we performed simulations of the Ising model on a sphere, on a flat disc, on a spheroid with eϭ2, on a half sphere, and inside a circle.
͑i͒ Surface of a sphere. For systems on a sphere, we sampled ͗ 2 ͘, ͗ 4 ͘, and Q R (t) near the critical point. In addition, the two-point magnetic correlation function g 1 () ϭ͗(,)(Ϫ,)͘ was determined at criticality. The system sizes are taken as 15 values ranging from Lϭ8 to 96. According to finite-size scaling, in the critical region, Q R (t) behaves as
where a 1 ,a 2 ,b 1 , and b 2 are unknown parameters, and Q c is the universal value for the infinite system at criticality. The correction with exponent y c ϭy t Ϫ2ϭϪ1 is due to the discretization of the sphere as explained above. An example is shown in Fig. 7 . The approximate linearity indicates that the approach of Q R (0) to Q c occurs as R Ϫ1 . Formula ͑36͒ was fitted to Monte Carlo data according to the least-squares criterion. The value of the temperature parameter is fixed at t c ϭ1. We obtain Q c ϭ0.770 43(3), which is consistent with the exactly calculated value 0.770 42(1) in Sec. III.
Similarly, the finite-size behavior of ͗ 2 ͘ is
and that of ͗ 4 ͘ is The exponents Ϫ2X h and Ϫ4X h of R are obtained by the substitution of X h ϭ1/8. The fits yield m 2 ϭ0.619 88(3) and m 4 ϭ0.498 75(5).
According to Eq. ͑14͒, g 1 ()ϰ(L cos ) Ϫ2X h , which is confirmed numerically in Fig. 8 . On the basis of finite-size scaling and conformal invariance, the correlation function g 1 (,L) is expected to behave as
where a 0 ,a 1 ,a 3 ,b 0 ,b 1 ,c are unknown parameters. The corrections with amplitudes a 1 and a 2 are due to the deviations from isotropy at short distances; the term with a 3 accounts for the inhomogeneity because of the discretization of the direction. Equation ͑39͒ was fitted to the Monte Carlo data.
As a consistency test, we choose X h as a free parameter. We obtain X h ϭ0.124 97(4), which is in a good agreement with the exact result X h ϭ1/8 ͑see Table I͒ . Although the parameter a 3 is quite small, it is necessary to obtain a reasonable residual.
͑ii͒ Surface of a flat disc. The system sizes on the flat-disc geometry were taken as values of 12 odd numbers ranging from Lϭ13 to 91. The corresponding radii are L/2. Near the critical point, we sampled Q R , ͗ 2 ͘, and ͗ 4 ͘. The finitesize behavior of these quantities also follows from Eqs. ͑36͒, ͑37͒, and ͑38͒, respectively. The fits yield that m 2 ϭ0.671 9(1), m 4 ϭ0.587 9(1), and Q c ϭ0.768 02(15), which agrees well with the exact calculation Q c ϭ0.767 91(3). Thus, we also obtain the ratios r 2 ϭ0.922 63(13) and r 4 ϭ0.848 41 (14), which are consistent with Eq. ͑28͒. At criticality, three types of two-point magnetic correlation functions were sampled. We denote g 1 (r) as the one between two points with same coordinates (r,) but on opposite faces, and g 2 (r) and g 3 (r) as those between two points (r,) and (r,ϩ) on opposite and on the same faces, respectively. On the basis of Eq. ͑18͒, one expects that
A plot for g 2 (r) is shown in Fig. 9 . The curvature near r ϭL/2 is due to the discrete property of the derivative ‫ץ‬r ជ /‫ץ‬w in the mapping formula Eq. ͑17͒. We assume that this effect decays as in order of (L/2Ϫr) y c when r approaches zero. Thus, one can obtain the finite-size behavior of these quantities by including corrections in Eq. ͑40͒. For instance, the quantity g 3 (r) follows
By introducing a cutoff at large r, we made fits for g 1 (r), g 2 (r), and g 3 (r) independently, and obtain X h ϭ0.124 92(9), X h ϭ0.125 01(16), and X h ϭ0.125 05(7), respectively, in good agreement with the exact result. ͑iii͒ Spheroids with eϭ2. As an example, we performed Monte Carlo simulations for a prolate spheroid with the ratio eϭb/aϭ2. We sampled the universal ratio Q R and the magnetic correlation function g 1 ()ϭ͗(,)(,ϩ)͘. The analysis of the finite-size behavior of Q R leads to the result Q c ϭ0.764 3(1). From the Monte Carlo data for g 1 () and Eq. ͑9͒, we obtain X h ϭ0.124 9(2).
We also sampled the correlation functions g 2 () ϭ͗(,)(Ϫ,)͘. The mapping formula is relatively complicated in this case, and we did not work out the expression of g 2 (). But we observe that a plot of the Monte Carlo data ln͓g 2 ()͔ versus ln(1ϩͱe 2 ϩ1tan
2 ) approximately follows a straight line ͑Fig. 10͒. By means of finite-size scaling, we obtain the value of the slope as 0.124 1(8), which is close to the exact result X h ϭ1/8.
͑iv͒ Half surface of a sphere with fixed boundary conditions. We also investigated the anisotropic limit of the Ising model on a half sphere. An infinite ordering field was applied at the equator. The system sizes are taken as 10 values ranging from Lϭ4 to 40. The corresponding radius is Rϭ(2L Ϫ1)/. We sampled the magnetization density mϭ͗()͘ and the energy density e as a function of . Since the interactions along the and direction are of different forms, the energy density can be represented in two ways: the interactions due to the weak-couplings ͗()(ϩ1)͘, or the density of interfaces along the strong-couplings ͗n()͘. We chose the latter because it needs much less computer time. The behavior of the magnetization density follows Eq. ͑20͒, and the energy density behaves as e͑ ͒ϭ͗n͑ ͒͘ϭn 0 ϩa͑L cos ͒ ϪX t , ͑42͒
where n 0 is the bulk density, and X t is the temperature scaling dimension. An example is shown in Fig. 11 . Finite-size analyses of the quantities ͗()͘ and ͗e()͘ yield X h ϭ0.124 99(2) and X t ϭ0.995(6), respectively, which are again in excellent agreement with the exact values. ͑v͒ Interior of a circle. Conformal invariance on the interior of a circle with free and fixed boundary conditions has been numerically tested by Badke et al., and Rěs and Straley ͓3, 7͔ . They approximated this geometry by drawing the circle from a square lattice. In this way, the symmetry along the direction is broken, and irregular finite-size effects arise ͑Fig. 12͒. Thus, it seems appropriate to simulate the interior of a circle by means of the continuous algorithm. We used both free and fixed boundary conditions. The system sizes are taken as 10 values ranging from Lϭ8 to 40. An example is shown in Fig. 13 , and no irregular effects are observed. Analyses yield that X h ϭ0.124 994(15) and X t ϭ1.002(7).
VI. DISCUSSION
Conformal invariance is known as a powerful tool to investigate critical behavior. Its applications in two dimensions have so far been focused on flat systems. We have shown how one can apply it in curved geometries. The validity of our method is confirmed by the agreement between predictions based on conformal invariance and our numerical results. Moreover, in the case of the Ising model, the difficulty of numerical simulations in curved geometries is solved by the recently developed continuous cluster algorithm. Trivial modifications can generalize this algorithm to Potts models, including the percolation model ͓18͔.
Furthermore, since conformal mappings of threedimensional systems usually lead to curved geometries, this algorithm enables us to investigate applications of conformal invariance in three dimensions ͓9,17,18͔.
